
CHAPTER 7

THE NBD THEORY

7. I. The Nature of the Theory

The NBD theory provides an integrative model for the various as-
pects of repeat-buying, under stationary or “no-trend” conditions. The
basic concept in the theory was outlined in 5 4.5. It is that the pur-
chases of a brand made by each potential buyer are “as if” random over
time and independent of each other (i.e. a Poisson process). Each con-
sumer has his own average frequency of purchase, and these
average purchase frequencies (i.e. the means of the Poissons) follow a
Gamma distribution with parameter k. This is set out more fully in
5 7.2 of this chapter.

Predictions about various aspects of buying behaviour follow from
this formulation. These have generally been verified for a great.variety
of different frequently-bought products and brands, as has been illus-
trated in Part II.

One particular deduction from the model is that the frequency of buyers
making 0, 1, 2, 3, etc. purchases in a given time-period should follow a
Negative Binomial Distribution. This distribution is discussed in 5 7.3.

Purchasing patterns in more than one time-period can be represented
in the model’s more general form as a m&i-variate NBD (5 7.4). One
aspect of the Poisson-Gamma formulation is that the Gamma parameter
k should be constant over different length time-periods (5 7.5). This
provides the basis for inter-relating penetration levels and average pur-
chase frequencies in such periods. The formulae for the incidence of
repeat-buyers from one period to another which also follow are treated
in 5 7.6, together with the more general form of “conditional trend
analysis” in which repeat-buying by light, medium and heavy buyers is
tracked.

NBD’s for different brands or pack-sizes can in theory be aggregated
under certain conditions which are set out in 5 7.7. A general discrepan-
cy problem in fitting theoretical frequency distributions occurs for
items which an appreciable proportion of people buy more or less
regularly once a week, there being then a theoretical excess of still
heavier buyers (8 7.8). This is the “variance discrepancy” problem
which links up with the existence of a minimum inter-purchase interval
for many products (5 7.9).
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7.2. The Compound Poisson Model

A theoretical formulation of buyer behaviour which leads to a Nega-
tive Binomial Distribution for the frequency distribution of purchases
in any given time-period is the stochastic model which was introduced
in $4.5 of Chapter 4. Thus to analyse stationary purchasing behaviour
over successive (equal) periods of time, the following two-parameter
model of a compound Poisson form was postulated:

(i) Purchases of a given consumer at successive points in time can be
regarded as independent drawings from a Poisson distribution.

(ii) The average rates of purchasing of different consumers in the
long run differ, their distribution being Gamma with exponent k and
mean m.

It is not necessary to assume that this model holds indefinitely over
time, but only that in any time-period one wishes to consider, the
purchasing data should behave as if it did. The postulation is not un-
reasonable on a priori grounds (except for very short time-periods - see
§7.9), but the real question is the empirical validity and the practical
utility of specific deductions made from it.

One basic deduction is that the distribution of the number of pur-
chases Y made by different consumers in any given time-period should
be an NBD. Thus in a time-period of “unit” length, the Poisson assump-
tion says that the probability that a consumer with a long-run mean
purchasing frequency p would make Y purchases (r 2 0) is

e-b r
-+

Multiplying this by the Gamma-distribution probability that the con-
sumer has a mean purchasing rate of value /J in the long-run, namely

e-/.l/a k - l
P

ak I’(k)

(where a = m/k), and integrating over all p (i.e. over all consumers), gives

s
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This is the term for the probability pr of Y occurrences (i.e. purchases)
in an NBD with exponent k and mean m = ak, as set out in 5 7.3 below.
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This formulation has had previous practical applications, e.g. in the
study of accident statistics, in certain ecological birth and death and
contagious processes, and in some operational research theory [see for
example Greenwood and Yule 1920, Irwin 1964, Kemp 19701.

The fact that the NBD tends to give a good fit to observed distribu-
tions in a single time-period has already been discussed in Part II and

, lends support to the Poisson-Gamma model. But the real support for
the model comes from the extent to which many other deductions
from it also hold. The point is that a “compound Poisson” type of
model is only one of several theoretical stochastic processes which can
lead to a negative binomial distribution for the distribution of occur-
rences in a given time-period, as discussed for example by Anscombe
[ 19501. One of the alternatives is, in terms of buying behaviour, that
purchasing occasions are still distributed as a Poisson distribution, but
that the distribution is the same for all consumers, and that the amounts
bought per occasion are distributed as a logarithmic series distribution.
This model has been discussed by Williamson and Bretherton [ 19641 in
the context of industrial purchasing, and has been suggested by Profes-
sor Cramer [ 19651 as a possible model for consumer goods purchasing
as analysed here. A mathematical derivation of this model was sketched
in earlier by Quenouille [ 19491. However, this model does not appear
applicable here. Thus, it is inconsistent with general experience to sup-
pose that different consumers’ average purchasing patterns are the
same, whilst in many product-fields, the amount bought per purchase
occasion is virtually 1 (see Table 3.3 in Chapter 3). More mathematical-
ly, this alternative model requires that the parameter a = m/k should
remain constant for all different lengths of analysis periods and that the
parameter k should vary, whilst in practice the opposite is found to be
so, as is discussed in 3 7.5 below.

A potentially more open question occurs within the confines of the
compound Poisson model itself. This relates to an old controversy in
accident statistics, where there is an observed tendency for some people
to have more accidents than others. The question is whether this is
because having had an accident makes it more likely for that person to
have another (i.e. “contagion” or “learning”), or that people differ in
some inherent “proneness” to have accidents. Related discussions for
other buyer behaviour models between regarding consumers as inher-
ently differing from each other (population heterogeneity or “pro-
neness”) or as all being initially the same but conditioned by their
differing stochastic experiences (“learning” or “contagion”) are summa-
rised by Massy et al. [ 19701 .-The evidence in analysing empirical pur-
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chasing behaviour under stationary conditions points clearly to the
Poisson-Gamma formulation in general, and the heterogeneity version
in particular, as providing a variety of successful descriptions.

7.3. The Negative Binomial Distribution

The background and technicalities of the Negative Binomial Distribu-
tion itself are briefly as follows. It is a two-parameter discrete distribu-
tion for certain probabilities pr of observing any non-negative integer r,
where

The two parameters are usually expressed as the mean m and the ex-
ponent k, with the ratio a = m/k also being a convenient function of the
two parameters.

The probabilities pr arise in expanding an expression of the binomial
form

(1 -SX)-k o r  ( 1  -&)Wk,

with a negaiive exponent -k. Thus { 1 -(a/ l+a)}Vk = 1 + k(a/ l+a) +
k(k+l)(a/l+a)2/2 + . . . . and multiplying by ( l+a)Vk to make the proba-
bilities sum to 1, we have p. = ( l+a)-k, pl = ( l+a)-kk(a/l+a), etc.

A general statement of the NBD was probably first given by Mont-
mort in 17 14, within a year of Bernouilli’s derivation in 1713 of the
much better-known positive binomial distribution obtained from ex-
panding an expression like @+q)n. (Unlike the positive binomial -
which can refer to the proportion of times an event with probability p

occurs in n independent trials - the mathematical derivation of the
NBD from a binomial expansion appears to have no direct physical
meaning for our purposes here.) The general history of the negative
binomial distribution has been summarised in reviews of Gurland
[ 19541, Bartko [ 19611 and Boswell and Patil [ 19701 - see also Patil
and Joshi [ 19681 and Johnson and Katz [ 19691.

One way of expressing the NBD is through its probability generating
function

(1 +a-au)-k
where u is a dummy variable. This is a particularly convenient approach
when dealing with the mdtivariate NBD in the next section, and the
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univariate case is therefore worth setting out here. Thus expanding this
expression in powers of u gives the probability pr of Y occurrences as
the coefficient of ur, i.e.

(1 -+a-au)Vk = (l+a)-“ l-( i%rk

= ( l+a)mk

F(k+r)
‘r(r+l)r(k) l+apqrur+...].

Reading off the coefficient of ur gives p. G ( 1 +a)Ak, pI = ka( 1 +a)VkW1,
and so on.

The mean of the NBD is
, x

r
rpr = (l+aj-k c rr(k+r)

r  rp+ l)r(k)

=ka=m,

since the terms in brackets are an NBD expression with parameter
(k+l), which sums to unity. Other moments, and in particular the
formulae for the variance mentioned in Chapter 4,

m ( l + a )  o r m(l+mlk) ,

follow similarly by working through the expression Z(r- m)2pr.
As discussed in 5 4.2 of Chapter 4, the parameter k can in general be

best estimated from the observed mean m and the proportion of non-
buyers po by solving the expression

p. = ( l+a)Vk or ( l+m/k)Fk ,

subject to the condition for the existence of an NBD that m a-- lnpo.

7.4. The Multivariate NBD

The NBD can be generalised to more than one time-period in terms
of a very powerful reformulation as a mu&variate NBD, as noted by
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G.J. Goodhardt. Instead of dealing with one time-period, this deals with
any number 1 = 1 to t time-periods of varying lengths Tis The probabili-
ty generating function (p.g.5) of the distribution of people’ making rj
purchases in the ith period of length Ti, making rj purchases in the 1t.h
period of length Tjp etc., can be written as

{1 -t a h Ti( l-ui)}bk ,
I= 1

where the Ui are dummy variables, m is the average amount bought in a
time-period of some convenient “unit” length, and a is again m/k, in
terms of the negative exponent 4.

The co-efficient of
(Uijri (Uj)rj  .  .  .

in the expansion of the p.g.f. in powers of the dummy variables Uij uj,
etc. gives the proportion of the population who make ri purchases in
period i, rj purchases in period j, etc. All the specific formulae for
repeat-buying and for different length time-periods discussed in this
book then follow. For example, the proportion of consumers who are
“lapsed” buyers (i.e. who buy in the first but not in the second of two
equal periods) comes from putting 1= 2, TI = T2, and then adding the
co-efficients of (ur ) r I (u2)o over all non-zero values of r in the first
period.

The general multivariate p,g.f. clearly simplifies to the p.g.f. of the
univariate NBD in a single period of length T

{1 + aT(l-u)]-k ,

or to the p.g.f. { 1 +a- au jemk for “unit” length time-period as given in
5 7.3. More generally, using arguments similar to those used by Feller
[ 19571 in discussing so-called “generalised” distributions, the multi-
variate model can be shown to yield an NBD when partitioned in quite
a number of different ways. In particular, if the i = 1 to 1 time-periods
are divided into the first s and the remaining l-s, then the conditional
distribution of (rs+I, rs+2, . . . rt) purchases in periods ~+l to t, given
(r 1 ,...Q  purchases in the first s periods is itself a multivariate NBD with
parameters m’ and k’ given by

m’ = (k + 1 Q1ml(m+Q1 , k’ = (k + 6 ri) ,
i= 1

where m is again the mean in a time-period of some “unit” length. This
typifies the great simplicity of the multivariate NBD in terms of its
partitioning and additivity.
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The practical applications of the NBD to other applied areas (such as
accident statistics) have in the past been mostly restricted to dealing
with the frequency distribution in a single time-period. The basic math-
ematical properties of the bivariate NBD were however reported by

’ Arbous and Kerrich [ 195 11, but they did not explicitly note the NBD
properties of their results, nor develop their possible practical applica-
tions. An explicit treatment of the multivariate NBD was provided by
Bates and Neyman [ 19521, with some illustrative empirical applica-
tions, and had also already been tackled in Lundberg’s pioneer work
[Lundberg 19401. Some practical concern with pairs of time-periods
and with the bivariate frequency distribution of accidents has been
shown by Cresswell and Frogatt [ 19631, but the development was not
taken very far.

7.5. The Theoretical Constant k in Different Length Time-Periods .

The properties of the parameter k in the NBD expression
{l + aI2 Ti( 1 -Ui) jmkare basic to the NBD theory. AS already noted, the
two parameters of the NBD model are usually denoted firstly by the
exponent k, and secondly either by m, the mean number of the pur-
chases made by all consumers in the population in a time-period of
some convenient (but arbitrary) unit length, or by the quantity a = m/k.

Under stationary conditions, the mean m in equal time-periods must
be the same, because of the defmition of stationarity (viz. no trend in
the level of aggregate sales). The numerical value of m in any given
time-period is therefore proportional to its length. Denoting by ???T the
mean in a period of length T relative to the “unit” time-period, we have
under stationary conditions that

mT=Tm.

The parameter m or, more generally, !+, therefore acts as a scale-
factor, reflecting the length of the analysis-period.

In contrast, the parameter k in the theoretical Poisson-Gamma
model is constant for different lengths of analysis-period (e.g. 4 weeks,
8 weeks, 24 weeks, etc.). Thus k is the parameter of the Gamma-distri-
bution which describes the long-run differences in the average purchas-
ing rates of different consumers. Most of the repeat-buying formulae
derived from the NBD model depend explicitly on k being constant in
t h i s  w a y .
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The empirical behaviour of estimates of the parameter k for different
lengths of time-periods is therefore of crucial importance to the validity
of the NBD model. For any given (near-stationary) brand, the value of
kT for a period of length T can be estimated from the observed propor-
tion bT of consumers who buy and the mean number of purchases &%!T
per consumer in the time-period by solving the equation

bT= 1 - (kT;TmT)-kT,

as discussed in 5 4.2 of Chapter 4 and Appendix A. If the NBD model
holds, the values of kT for the different points should then be the same,
i.e. independent of T.

Table 7.1 shows a typical example of the constancy of k for a typical
brand in a certain product-field X [ Chatfield et al. 19661 in the 4-, 8-,
12-, and 24-weekly periods which were analysed. It also contrasts this
constancy of k with the increase in the observed amount ???T bought,
which is sixfold and therefore pro rata to T, with the corresponding
increase by a ratio of about 2 in the observed proportions bT of the
population buying in each period, and with the increase by a factor of 3
in the observed average frequency of purchase %+ bought per buyer
(ix. mT/bT).

The values of k for all other relevant analyses available in the same
product-field (i.e. for 14 brands or pack-sizes for which near-stationary
data from four weeks up to 24 weeks could be analysed) also showed

Table 7.1. The Virtual Constancy of the NBD Parameter k for Increasing Lengths of
Time-Period, and the Increase of other Observed Statistics

(A typical brand, and the average value of k for 14 other brands or pack-sizes in product-field X)

Length of Period
(in Weeks)

Ratio of 24-
Week to
4-Week values

A typical brand:

Mean amdunt bought per household, m7-

Percentage of buyers, 10Ob~

Average amount per buyer, mT/bT= wT
NBD parameter kT, shown as lOk7-

Average kT for 14 brands, as 1okT

4 8 12 24 6

.12 .24 .36 .72 6

4 5 6 8 2

3 5 6 9 3
.20 .19 .21 .23 1

.57 .49 .48 .54 1
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no trend in k, as is shown by the average values of kT in the last line of
the table. The same result has since been seen in many other product-
fields.

Since kT is constant under stationary conditions and mT = Tm, the
parameter UT = rnT/k acts as a scale-parameter like mT itself, i.e. + is
proportional to Y’. The formulae relating results in different length
time-periods in $4.8 of Chapter 4 are founded on this simple basis.
Firstly, we have that

in terms of a = m/k and k for the “unit” length period. Secondly, since
mT = Tm, the earlier formula for w T, the average purchase frequency
per buyer ,  fol lows immediately from WT = mT/bT, i.e. WT =
Trn/{l - (1 +anwk] .

7.6. Repeat-Buying in Two Periods

One of the deductions from the NBD model in Chapter 4 concerned
repeat-buying behaviour from one time-period to the next under sta-
tionary conditions. Two basic features are the proportion bR of con-
sumers who buy the brand or pack-size in both periods, and the average
number of purchases m R (expressed on a “per consumer” basis) made
in each time-period by such “repeat-buyers”. Corresponding results for
“new” and for “lapsed” buyers are obtained by substraction from the
values of b and m for aZZ buyers in a single period.

The terminology of repeat, “new” and “lapsed” buyers here is defined
in terms of any pair of equal time-periods I and II according to whether
a consumer buys in both periods (repeat-buying), or in the Period II
only or in Period I only, as was set out in Table 4.4 of Chapter 4. None
of these definitions depend in any way on what the consumers in
question did in still earlier or in later periods; thus the so-called “new”
buyers may have bought the brand prior to Period I (and generally will
in fact have done so), and the “lapsed” buyers may well buy the brand
again after Period II.

The quantities bR and mR concerning repeat-buying behaviour in
two time-periods can then be related to (or predicted from) knowledge
of purchasing behaviour in a single time-period, and in particular from
the average number of purchases m in the first time-period and the
proportion b of consumers who buy this item at all in that first time-
period. More specifically, the values of bR and of mR can be expressed
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Conditional Trend Analysis. For more detailed cross-analyses of
buying behaviour from one period to another, we consider all the con-
sumers who made exactly Y purchases in Period I. The “conditional”
distribution of their purchases in Period II then turns out to be itself a
negative binomial, with mean (k+r) /{ a/( l+a)} and with the k type of
parameter of “exponent” taking the value (k+r). (This follows from the
multivariate results in $j 7.4.) The proportion of the buyers of Y pur-
chases in the first period who buy in the next period is for example

1 - {1 +(a/l+a)}-‘-r.

This “conditional” type of analysis was used in Table 3.10 in Chap-
ter 3 and in the case-histories in 8 5.6 of Chapter 5 and 5 6.2 of Chapter
6. The formulae for the incidence of “new” and “lapsed” buyers and
for their average rates of purchasing which have already been given can
also be deduced as special cases (i.e. with Y = 0) of this more general
result.

The simple conditional distribution for any value of r in two equal
time-periods generalises further for two unequal periods, of unit and
relative length T respectively. Thus the purchases in the second period
(of relative length T) made by those consumers who buy Y units in the
first period still follow an NBD, with mean (k+r)[aT/( l+a)) and ex-
ponent (k+r), where a again refers to the unit-length period. The for-
mulae for varying time-periods set out in 5 7.5 of this chapter can be
regarded as special cases of these conditional distributions.

7.7. The Combination of the NBD’s

Two major kinds of aggregation (or dis-aggregation) problems occur
in analysing repeat-buying behaviour by means of the NBD model. One
is how repeat-buying patterns in sub-groups of the population compare
with those in the population as a whole. The other is how the repeat-
buying patterns for individual items such as a particular pack-size or
brand compare with those for combinations of such items, e.g. all the
pack-sizes of a brand combined, or different brands combined into
some product-class total.

For subgroups of the population such as consumers in specific age-
groups or in different geographical regions, the question is whether the
NBD will give a good fit for such sub-groups when it does so for the
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population as a whole. It can be shown that in theory, different nega-
tive binomial distributions, variously weighted and added together, will
almost never combine into an exact negative binomial distribution.

In practice however, negative binomial distributions for sub-groups
seem to combine into a negative binomial distribution for the popula-
tion as a whole, the fit in all cases of course being approximate rather
than absolutely exact. This is illustrated in Table 7.2 for a breakdown
by household size, the socio-economic breakdown which usually pro
duces the sharpest differences in purchasing levels - here an average of
.7 purchases per household of 5 or more persons, and only .2 purchases
per l-person household, and the parameters of the fitted distribution
differ accordingly. IIowever, the distributions of the purchases made by
households’ of sizes 1, 2, 3,4 and 5+ respectively, and by all households
togetlxx, a-e all virtually negative binomials, as is ,illustrated by the fact
that the observed and theoretical estimates of the standard deviations, s
and O, in each size-group agree well.

Table 7.2. Negative Binomial Parameters in Different Size-of-Household Groups for a Certain
Brand- -

Size of Household Groups Total
Parameters ._- Sample
(Rounded) 1 2 3 4 s+

Mean m .2 .4 .S .6 -7 .s
-~ - -

NBD Parameteis:

1Ok .3 .4 .6 .8 .7 .6
a= m/k 6 10 9 8 10 9

- - -

Standard Deviations:

Observed s 1.2 2.2 2.5 2.3 2.9 2.4
Theore tic al u 1.2 2.2 2.3 2.3 2.7 2.2

The explanation of this paradox between theory and practice lies
mainly in the fact that even for something with as wide a range of
purchasing levels m as a breakdown by size-of-household, the differ-
ences between the distributions for the subgroups are small compared
with the scatter within each subgroup. Furthermore, the breakdown by
size-of-household illustrated here reflects the apparently common case
where the extreme groups are small. Thus households containing 2, 3 or
4 people forrn the great majority of all households, and the distribu-
tions for these three sub-groups (i.e. their means) are relatively similar.
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(Combining sizes 1 and S+ only, for example, might well not lead to a
good negative binomial fit, but such a combination would not usually
be of practical interest.)

Turning to the second type of aggregation mentioned above, we
consider the fit of the distribution for an individual brand or pack-size
on the one hand and for combinations of such items (e.g. the whole
product-group) on the other. We have a theoretical result which can be
derived from the probability generating function of the NBD in 5 7.3,
namely that if x and y are two negative binomial variables with para-
meters (mX , kx) and (my, ky ), then their sum (~+y) will follow a
negative binomial distribution under two conditions, namely if and only
if the two variables are independent and if ax = ay, where a = m/k as
usual. The parameters of the aggregated NBD will be (mx +m,,),
kx + ky). Even though one may expect the result to hold approximately
when ax and ay are not exactly equal, this condition would seem to
impose a marked constraint on aggregation possibilities. However, some
powerful empirical findings described in Chapter 10 show that these
conditions do in fact tend to be fulfilled to quite a close degree of
approximation under a wide range of circumstances, as is discussed
further in 5 11.4 of Chapter 11.

7.8. The Variance Discrepancy

The basic finding in developing the NBD model was that the ob-
served distribution of purchases in any single period could generally be
well fitted by the negative binomial distribution. Table 3.4 in Chapter 3
gave some very recent examples, and Table 4.1 in Chapter 4 one of the
earliest.

When fitting by using the proportion of buyers b (or p. = 1 -b) and
the mean m as the observed data, the degree to which the standard
deviations (or variances) of the observed and theoretical distributions
agree can be used as a measure of fit, as discussed in 5 4.2 of Chapter 4.
Fig. 7.1 summarises in this sense the earliest results [Ehrenberg 19591
amounting to some 150 varied cases (different products, brands, time-
periods, etc.).

For standard deviations up to 1 or 2, the agreement between the
observed standard deviations and the theoretical values d{m( 1 +a 1 of
the fitted NBD was clearly good. However, a failure to fit becomes
apparent for larger values of the standard deviation, where the theoreti-
cal value is generally higher than the observed one. A striking feature of
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the data is that these discrepancies in the standard deviation (or vari-
ances) are themselves extremely regular and systematic. This “variance
discrepancy” - i.e. a failure to fit under certain circumstances - has
therefore been known from the earliest stage of the work and has been
confirmed in many other cases since.

Observed values

Fig. 7.1. Comparison of ‘theoretical’ and ‘observed’ values for the standard deviation of the
frequency distributions of consumer purchases.

If we denote the observed variance by s* and the theoretical variance
by & = m( l+a), Fig. 7.1 shows that the numerical differences CJ - s
increase rapidly and systematically with increasing values of S. One
possibility in trying to describe the variance discrepancy cr* -s* is
therefore to fit some suitable mathematical equation to the values of G*
and S* themselves. However, this is not the only possibility. Thus
(~2 -s*) is correlated not only with s *, but also with the average rate of
buying m, and with the length of the analysis-period T. And there could
be various interactions between all these factors.

To account for all these possible relationships, the NBD model pro
vided a starting-point (despite its failure to provide an exact fit here).
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Firstly there was the effect of the length of the analysis-period T.
According to the NBD model, u* = m( l+m/j?) and so for a stationary
brand the expression

a*-m 1- -  =-
m* k

should be constant irrespective of the length of the analysis-period,
since k itself is independent of the length of time-period. In studying
various brands and pack-sizes in a product-field where the variance
discrepancy generally occurred, it was found [ Chatfield et al. 19661
that the corresponding expression (s* - m)/m * for the observed variance
s* was also approximately constant. (For example, the value of
(s* - m)/m* for all the items analysed averaged at about 21 in the
4-weekly periods and at 22 in the 24weekly periods.) We therefore
have that the two expressions (s* - m)/m* and (u* - m)/m* tend each
to be independent of the length of time-period analysed.

Secondly it was found empirically that these two quantities were re-
lated in such a way that the differences between their square roots were
approximately constant, irrespective of the brand and of the values of s
or u (and of course by now irrespective of the length of time-period).
The numerical value of these differences averages at a little less than
1 for the product-field in question. Taking the value to be 1 as a rough
but convenient approximation, we have

,

d{(a* - m)/m*j - 4 {(s2 - m)/m*j + 1 .

This equation held with a mean deviation of about .5 for the data in
question, where the observed variances ranged from less than .l to
about 50.

This relationship can be further simplified. In consumer purchasing
data m is generally low, and often very low, compared with s* (especial-
ly for longer time-periods). Ignoring therefore the term m in both
(s* -m) and (CJ* -m), the above relationship simplifies to the difference
between the observed and theoretical co-efficients of variation s/m and
a/m of the observed distribution of purchases and the fitted NBD, i.e.

a/m-s/m + 1.

For the initial data this relationship again held with a mean deviation of
about .5. The relationship can also be conveniently expressed in the
form

a-s+m.
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In some subsequent work on the variance discrepancy it appeared that a
closer fit might generally be obtained by something like

and more systematic study is still required. However, whatever the
precise numerical values should be, this type of relationship is simple,
and simple to use. For example, it helps to resolve the apparent conflict
between the two kinds of results that have occurred - one where the
NBD appears to give a good fit and u + s (as in the example of Table 4.1
and the smaller values represented in Fig. 7.1), and the others where it
does not give a good fit and Q>S (as shown for example by the larger
values in Fig. 7.1). Both cases can now be subsumed by the “discrepan-
cy” formula U---S + m (or u-s + m/2), since this also covers the case
0 + S, namely when m is very small compared with S.

All this however does little more than cope descriptively with the
variance discrepancy as such. It does not provide a more successful
theoretical distribution to fit to observed data subject to the variance
discrepancy. However, further insight into the nature of the discrepan-
cyhas been provided by a number of other checks.

One negative finding concerns the assumption of a Poisson distribu-
tion for each consumer’s purchases over time. This is known not to
apply in very short time-periods (as discussed in 5 4.9 of Chapter 4 and
also $7.9 below). But any failure of this assumption to hold in longer
time-periods could not in fact account for the variance discrepancy.
Thus the component of the NBD variance m( l+a) which is due to the
Poisson distribution amounts to m, and this is generally small compared
with the term VW and therefore small compared with the variance dis-
crepancy itself, especially in longer time-periods. (The o--s + m formula
implies that in terms of variances, the discrepancy would be of the
order of m2. A detailed analysis [Chatfield and Goodhardt 19721 of
one possible alternative formulation - replacing the Poisson distribu-
tion by an ErZang distribution (a Poisson with every other reading cen-
sored) as suggested by Herniter [ 19691 - has shown no effective differ-
ence from the NBD in the resulting distribution of purchases for indi-
vidual brands.)

Other possible factors which have led to negative conclusions [as
discussed elsewhere, eg. Chatfield et al. 19661 are the variable market-
ing mix, non-stationarity in the data, the occurrence of excessively
heavy buyers, and errors of measurement such as under-recording of
very frequently-purchased items or relative over-claiming of infrequent
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purchases. Errors of measurement for example seems an unlikely ex-
planation, given the variety of different types of product-fields covered
(see Table 4.2 and the discussion in 5 1.2 of Chapter 1 ), and with data
collected by somewhat different techniques.

Another finding is that the fit of the repeat-buying formulae from
one period to another as discussed in 5 7.6 does not seem to be sys-
tematically affected by whether or not the variance discrepancy occurs
within each time-period. In other words, the repeat-buying patterns
appear to be largely self-compensating in this respect. A theoretica
implication is that the fit of the repeat-buying formulae is not necessari-
ly a very rigorous test of the underlying rationale and assumptions of
the NBD model. The practical consequence is however that the variance
discrepancy is usually of relatively little concern in applications of the
theory to period-to-period repeat-buying. It only arises when dealing
directly with the frequency of purchase as such (which includes the
“conditional” type of analyses in $j 7.6).

7.9. Shelving

A feature of consumer purchasing for grocery products which was
noted in the earliest analyses is that purchase frequencies tend to clus-
ter or “bunch” at or near a number equal to the number of weeks in
the analysis-period. Typically, the observed frequencies at or near this
point exceed the values of the theoretical distribution that has been
fitted. This has already been briefly commented on in 5 4.3 of Chapter
4.

“Bunching” occurs because a small number of consumers report ex-
ceptionally regular purchasing, for example one virtually every week.
This is largely due to a few consumers marginally adjusting their pur-
chasing behaviour (and possibly their actual consumption habits) to fit
into such a neat purchase-per-week pattern along the lines already indi-
cated in $4.9 of Chapter 4. (It could also be due to regular reporting,
.rather than to regular purchasing, i.e. an error of measurement or bias
in the data collection procedure.)

The numerical incidence of such very regular reporting of virtually
one purchase per week is usually relatively small, the vast majority of
buyers reporting much more sporadic and irregular purchasing patterns.
In early work it seemed that bunching of this kind would have little
numerical effect on the fit of the NBD in general and on the variance
discrepancy in particular. Thus if the bunched purchases were “smoothed”,
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i.e. distributed on either side of their peaked value, the mean and the
variance of the observed distribution would hardly be affected.

This earlier analysis of the bunching phenomenon was however too
superficial. Thus it was not just a case of there being a few too many
purchasers buying at or near the critical frequency (e.g. equal to the
number of weeks in the analysis-period), but that there are consistently
too few buyers buying more frequently than that. The observed distri-
bution contains a shelf-like discontinuity. Since for most goods there
are in any case very few frequent buyers, the actual number of
buyers involved in the “shelving” phenomenon is usually small. Sut
since it is the heavy buyers in the tail of the distribution who are
missing, the effect in terms of their sales importance is quite large (as
illustrated by the bracketed figures in Table 2.1 of Chapter 2), and so is
the effect on the variance. This is illustrated in Table 7.3 where there is
a theoretical excess of 1.5% of sample supposedly buying more often
than once a week (2.1% theoretical versus .6% observed), but the vari-
ances (or standard deviations) differ quite markedly.

The “shelving” effect occurs because for many different products
there is an upper limit to the number of times people will generally buy

Table 7.3. A TypicaI Example of “Shelving”

(The observed frequency distribution of purchases of a certain brand in 4 weeks, and the NBD
fitted to the mean and the proportion of zeros)
-~ I --

No. of Purchases
in 4 Weeks

Observed
~-

NBD

1 8.4
2 5.1
3 3.0
4 3.6
5 *2
6 .4
7+

_A.-
0
~-

Total Sample

I

100%
-.-

Mean m

~.~
%

(79.3Y
10.6
4.5
2.3
1.3

.8

.5

.8

100%
- -

(.45)*
1.54
1.24
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it in a given time-period. This upper limit is mainly a matter of pur-
chasing habits (i.e. a tendency to buy at most once a week, say on a
Friday), but it may in some cases also be influenced by usage habits
(i.e. a need to use up one purchase before another one is made). For
many household products (e.g. many packaged foods, soaps and toilet-
ries), the effective minimum inter-purchase time is the week *. In Ta-
ble 7.3, we typically have very few people buying more than 4 times in
4 weeks, and a corresponding higher “shelf” of observed frequencies at
or just below 4 purchases. In contrast, the distribution shown in
Table 4.1 in Chapter 4 showed no variance discrepancy and no shelving r
because there were only 3 households buying anything like as often as
once a week (about 0.15% of the sample, or 1% of all buyers, compared
with something like 7% of the sample, or a third of all buyers, in
Table 7.3).

There are then few if any consumers who buy more often than the
number of “minimum” time-periods in the analysis-period, e.g* more
than 12 times in a 12-week quarter, or 24 times in a 24-week half-year.
The converse of this “shortage” of very frequent buyers - which only
makes itself manifest if appreciable numbers of buyers do buy as often
as once a week - is the much more general failure of the NBD repeat-
buying model to fit for very short time-periods, i.e. at or near the
minimum inter-purchase interval, as has already been discussed in 5 4.9
of Chapter 4.

The general conclusion therefore is that the NBD model only breaks
down near the boundaries, i.e. for very short time-periods and for rela-
tively large numbers of purchases. Despite this limited failure, it seems
that a fundamental reformulation of the theory is required. One possi-
bility which may deal with the problems more fully is analysis in terms
of purchasing periods, not purchasing occasions, as is touched on in
Chapter 11.

For the present, the NBD theory (and the LSD approximation) pro-
vide the best working tool available. It tends to give a good fit in the
“middle range” of cases, i.e. for relatively long time-periods (say 4
weeks or more for grocery products), and for brands or other items
which relatively few consumers buy as regularly as every week.

* With more frequently-bought products like petrol, cigarettes, milk and bread, the situation
is as yet less clear but there is little doubt that the basic problems discussed in this section also
apply.
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7.10. Summary

The NBD theory states that under stationary, no-trend conditions, a
consumer’s purchases over time are effectively like an independent
random drawing from a Poisson distribution, the mean of the distribu-
tion for different consumers - their average long-run frequencies of
purchase - being distributed aLcording to a Gamma-distribution with
exponent k.

This stochastic formulation leads to an NBD for the distribution of
purchases in any given time-period, and a multivariate NBD with proba-
bility generating function {l+aE q( 1 -ui)JVk for any number j = 1 to t
time-periods of lengths Ti. This multivariate distribution partitions
readily, in that for any sub-group defined by their purchases in one or
more periods, their purchases in other periods are again NBD.

The model has two parameters, the overall mean m in a given time-
period and the exponent k. Under stationary conditions, the mean m
(or the alternative parameter u = m/k) varies directly with the length of
the analysis-period, whilst the exponent k remains the same. From this,
formulae for penetration-growth over time and for various aspects of
repeat-buying from one period to another can readily be deduced.

Different NBD’s can be aggregated if they are independent and have
the same values of a. These two conditions tend in practice to be
approximately fulfilled, as is discussed in Chapter 11.

In time-periods near the minimum inter-purchase time which tend to
operate for many products - such as a week for many grocery products
- repeat-buying is of a different form, almost no one buying more than
once in any one such period. This shows up as the “variance discrepan-
cy” or “shelving” effect, where the NBD overstates the number of
people who buy more often than 10 times in 10 weeks say, but this is
only noticeable for products where an appreciable proportion of con-
sumers do buy as often as about once every week.



CHAPTER8

THE LSD THEORY *

8.1. An Approximation to the NBD

As already noted in Chapter 4, the LSD theory of repeat-buying is
based on the Logarithmic Series Distribution and gives a very close
approximation to the NBD theory in certain parameter ranges (roughly,
a value of the NBD exponent k less than 0.2).

The Logarithmic Series Distribution is simpler than the NBD, having
only one parameter rather than two. The corresponding LSD repeat-
buying formulae tend therefore to be more convenient than the NBD
ones. The LSD formulae can often be further simplified, in terms of
approximate expressions in the average frequency of purchase per
buyer w **.

The crucial feature of the LSD is that it concerns only the distribu-
tion of buyers: non-buyers can be dealt with separately, as is shown in
$8.2. The Logarithmic Series Distribution itself is described in $8.3,
and a simple formula for the cumulative distribution in $8.4. The LSD
formula together with simplifying approximations for penetration
growth and for period-to-period repeat-buying are developed in 3 8 8.5
and 8.6. An underlying stochastic model is outlined in 5 8.7.

8.2. The Number of Non-Buyers

One possible explanation of the “variance discrepancy” discussed in
$7.8 - i.e. the partial failure of the NBD to fit in certain cases - might
have lain with the number of non-buyers ***. One early question was
therefore whether the non-zero part of an observed buying distribution
subject to the variance discrepancy might not be successfully fitted by a

* This chapter describes the more mathematical parts of the LSD theory.
** These simplifications are important conceptually and for ad hoc applications; for routine

use, calculations tend to be computerised and the more general NBD formulae ae to be
preferred.

*** This number is determined by the definition of the population of potential buyers, which
is often partly arbitrary. For example, in analysing petrolbuying, should the “population”
be all adults, or all drivers (including wives, friends and children and - for the wife’s car -
husbands), or car owners and the like, or people who have ever bought petrol, or who
might ever do so, or what?

147
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zero-truncated NBD. If successful, this would then lead to a new
“estimated” (i.e. artificial) number of zeros and give a good fit to the
full NBD.

Table 8.1. NBD’s with Varying Numbers of Notional “Non-Buyers”, fitted to the Observed Pur-
chases for a 2,000-household SampleU(Table 4.1)

(388 buyers making 1272 purchases)

Size of notional “sample”

750 1,000 1,500 2,000 * 5,000 10,000 20,000

Observed buyers 388 * 388 * 388 * 388 * 388 * 388 * 388 *
Notional “non-

buyers” 362 612 1,112 1,612 * 4,612 9,612 19,612

Proportion of
buyers, b 0.51 0.39 0.26 0.19 * 0.07 0.04 0.02

Proportion of
“non-buyers”, l-b 0.49 0.61 0.74 0.81 * 0.43 0.96 0.98

Av. no. of purchases:
- per buyer, w 3.3 3.3 3.3 3.3 * 3.3 3.3 3.3
- per “informant”, m 1.7 1.3 0.85 0.63 * 0.25 0.13 0.06

Once-only buyers:
“Observed” 164 * 164 * 164 * 164 * 164 * 164 * 164 *
“TheoreticaP’ 136 145 153 156 162 164 165

Standard deviations:
“Observed” s 3.2 2.9 2.4 2.1 * 1.4 1.0 0.7
“TheoreticaP’  u 2.8 2.6 2.3 2.0 1.4 1.0 0.7

k 0.48 0.29 0.16 0.11 0.04 0.02 0.01
m/k=a 3.5 4.3 5.1 5.5 6.2 6.5 6.6

* Directly observed.

Investigation of this possibility [Chatfield et al. 19661 quickly led to
quite the contrary result. Neither the cause nor the cure of the variance
discrepancy lay with the observed number of non-buyers. Furthermore,
it was found that the particular value of the proportion of non-buyers
was often altogether irrelevant to the fit of the NBD, i.e. even in those
cases where the fit of the full distribution was good.
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Thus for any distribution of purchases which is fitted well by an
NBD, it is found that an NBD will still give a good fit if the number of
zeros (i.e. non-buyers) is arbitrarily increased. An illustration is given in
Table 8.1. This is based on the observed data in Table 4.1 of Chapter 4
(reproduced in full in Table 8.2). In Table 8.1 the number of zeros and
hence the total sample size are varied from a total “sample” of 750 up
to 20,000, but the actual number of buyers is kept fixed at the ob-
served level of 388.

For numbers of “non-buyers” which are smaller than the observed
1612, the fit of the NBD progressively worsens. This is illustrated in
Table 8.1 by the increasing discrepancies between such indices as the
“observed” and “theoretical” standard deviations (as measures of over-
all fit), and the “observed” and “theoretical” numbers of once-only
buyers (which for the sample of 750 are quite marked). For increasing
numbers of zeros however, these indices show that the fit of the NBD’s
remains good.

For increasing numbers of zeros, the parameters m and k of the fitted
NBD decrease, but in such a way that their ratio m/k tends towards a
steady value, as is implied by the last line of Table 8.1 (where m/k tends
towards a limiting value of about 6.7). This reflects a general mathe-
matical theorem [Fisher et al. 19431 that as the parameters k and m of
an NBD are made to tend to zero in such a way that their ratio m/k
- usually denoted by the quantity a - tends towards a non-zero limit,
the non-zero part of the NBD tends towards the so-called logarithmic
series distribution or LSD. This means for practical purposes that the
non-zero part of an observed NBD can be approximated to by a loga-
rithmic series distribution, if the NBD parameter k is low enough.

The strict condition for the LSD to give the same results as the non-
zero part of an NBD is that the NBD parameter k = 0. In practice, the
value of k for individual brands or pack-sizes in consumer purchasing
data are often about 0.1 or less, and this is “low enough” for the LSD
to be quite a good approximation to the NBD. (For heavily aggregated
data, such as total product-field purchases, the values of k are often
substantially higher and the LSD will differ from the zero-truncated
NBD and Hot give such a good fit.) The degree of numerical agreement
between the LSD and NBD results in fact depends on both the NBD
parameters or, in other words, on both b and w. In practice, a good
LSD fit is obtained for data where b, the proportion of buyers, is less
than about .2 for any w greater than about 1 S, and for b < .4 as
long as w > 4. Table 8.2 illustrates the goodness of fit of both the LSD
and the NBD to the earlier data of Table 4.1, where k was .l 1. (This
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Table 8.2. An Example of the Fit of the LSD and NBD to Observed Data

(26-week data for a 2,000 household sample, from Table 4.1)

Number of
Purchases

0

1
2
3
4
5

6
7
8
9

10

11
12
13
14
15

16
17
18
19
20

21+

LSD

(1,612)

165
72
42
27
19

14
10

8
6
4

3
3
2
2
2

1
1
1
1
1

4

The Number of Buyers

Observed

1,612

164
71
47
28
17

12
12

3
7
6

3
3
5
0
0

0
2
0
0
1

5**

NBD

(1,612)*

157
74
44
29
20

15
11

8
6
5

4
3
2
2
1

1
1
1
1
1

2

Proportion of non-buyers: = .806*
Proportion of buyers: b = l-;I = .194

Av. no. of purchases per household: m = .636*
Av. no. of purchases per buyer: w = 3.3 ***

Standard deviations of the non-zero distribution
Observed: = 3.8
Truncated NBD: = 3.6

LSD: = 3.8

* Used in fitting the NBD.
** Actual values 22,22, 25, 26, 26.

*** Used in fitting the LSD.
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was the earliest published data for the NBD, and the fact that the LSD
gives if anything a better fit than the NBD itself is of no general
significance.)

It follows that much consumer purchasing data which can be success-
fully described by the two-parameter NBD can also be described by the
one-parameter LSD, together with a quite separate parameter, namely
(l-b), the proportion of the population who are non-buyers. The latter
does not directly enter into the LSD itself, whereas in the NBD model,
the proportion of non-buyers (1 -b) and the mean m operate in an inter-
related sort of way and lead to relatively complex formulae involving
both statistics (e.g. b = 1 - (1 +a)- ‘, where a = m/k). The LSD formula-
tion therefore gives scope for considerable simplification. The general
properties of the LSD have been discussed by Anscombe [ 19501, Patil
[ 19621 and Patil et al. [ 1964 J . Patil and Bildikar [ 19641 have also dis-
cussed the mathematical background of stochastic models tending to
logarithmic series distributions.

8.3. The Logarithmic Series Distribution

The LSD concerns the frequency distribution of purchases, i.e. how
many buyers make 1, 2, 3 etc. purchases, excluding the non-buyers or
zeros (or dealing with them separately).

The probabilities of the logarithmic series distribution are best ex-
pressed in terms of a certain parameter q. Thus the LSD is a particular
statistical distribution of the probabilities p; of making Y purchases in
the given time-period (for Y 2 1), where

P; =
-qr

rln(l-q) *

(The logarithm “ln” is to base e - a table is given in Appendix B.)*
Forr> 1,

Izip; = 1 ,  s i n c e  Zg = -h(l-q) .Y

The probabilities p; are therefore essentially the series of terms in the
expansion of the logarithmic expression -1n (1 -q) in powers of q, i.e.

* In terms of the proportion pr of all consumers who make r purchases, we have pr = bpi for
r> l,andpO = l - b .



,

152 The LSD Theory /Ch. 8

4, q2 /2, q3 /3 etc. This derivation has no direct physical meaning here,
but the name of the distribution stems from it.

The mean of the LSD is w, the average number of purchases per
buyer. This is given in terms of the LSD parameter 4 by

w = (l&l-@ *

In terms of the mean m of the full frequency distribution including
buyers (i.e. the per capita type of measure of sales) and the proportion
of buyers b, we have ,

w =m/b .

As far as the LSD theory is concerned, w operates independently of the
proportion of buyers b in the population as a whole *.

The average rate of purchasing per buyer is clearly a meaningful
measure of consumer behaviour in its own right. Furthermore, various
early studies of the NBD had also suggested that it was a useful statistic
in technical terms; thus within certain ranges of the parameters, it was

7 found that many NBD formulae depend not so much on the varying
combination of the two statistics m and b as simply on their ratio
m/b = w [e.g. Brace 1959, Ehrenberg 19631. The LSD now brings this
out explicitly. In addition, w has subsequently been found to be rela-
tively constant for different brands or pack-sizes (as is discussed in
Chapter 10 and was illustrated in Table 3.2).

To carry out calculations in the LSD theory (such as calculating the
values of pk, or the repeat-buying formulae later), we need the value of
4 for the observed data. This is usually best calculated from the ob-
served value w. The above equation between w and 4 cannot however
be solved explicitly for 4 in terms of a given value of w, but tabZes can
be constructed for reading off values of q from given values of w [e.g.
Patil 1942, Kamat and Wani 1964, Williamson and Bretherton 19641.
A simple example was given as Table 2.2 in Chapter 2, and a more ex-
tensive one is given in Table B. 1 in Appendix B.

The values of 4 range from 0 (for w = 1) to 1 (for infinite w), but
change very slowly relative to w for values of w which are at all large,

* This applies to the LSD formula&for any given brand, and is not to be confused with the way
in which w’and b may vary together empirically from one brand to another (see 5 3.2 in Chap-
ter 3 and 5 5 10.2 and 11.5).
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so that care must be taken over rounding-off and interpolation. This
difficulty can largely be overcome by a reformulation of the parameter
4 as q/( 1 -q), which is also more generally useful in many of the LSD
calculations. This expression q/( 1 -q) is usually denoted by a *. Thus

and w can hence be expressed in terms of a as

a
Wzln(l+a) *

The latter equation still cannot be solved for a directly in terms of w,
but values of a can be read off from a suitable table (such as Table B.3
in Appendix B) **. The equation w = a/ln( l+a) is more nearly linear
between w and a than the corresponding relation between w and 4 and
is therefore easier to use, e.g. in interpolating [Chatfield 19691. (Thus
for any w < 20, one can calculate a to the same number of significant
figures, for a desired level of accuracy; this is not true for q, which
varies very little for higher values of w and therefore requires more sig-
nificant places then.)

Additional simplification arises because numerical analysis has shown
that a direct algebraic approximation exists within the parameter range
of about 2 < w < 20 or so (which contains much of the consumer pur-
chasing data that has so far been analysed). Thus a can be expressed to a
very close degree of approximation (i.e. to within about 2%) as the fol-
lowing expkcit  function of w,

a + 2.46(~-1)‘**~ ,

and 4 is similarly given in terms of w as

4 G (w- 1.4)/(w-1 15) .

The usefulness of the parameter a is however not only that it makes
certain formulae and arithmetical operations simpler than when using q,

* This is equivalent to the limit of the NBD ratio m/k in 0 8.2.
** As G.J. Goodhardt has noted, the same table can be used for reading off a from w as was

used for calculating the NBD parameter a from the observed value of the ratio rn/lwO (see
54.2 in Chapter 4).
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but more importantly, that it relates, as already mentioned, to the NBD
parameter a (a = m/k). Indeed, the LSD a is numerically equal to the
NBD a to just the extent to which the LSD and NBD give equivalent
results anyway. (They are strictly the same only when k = 0.) In general,
the LSD a has the basic property that in a time-period of relative length
T, the corresponding value aT is directly proportional to a, i.e.

aT = Ta,

just as occurred in the NBD theory (57.5 of Chapter 7). From this
simple property, many repeat-buying results can be readily deduced, as
is shown in 5 $8.5 and 8.6 below.

Since the LSD is a one-parameter distribution, its variance, o2 say,
depends on its mean w, but the relationship cannot be written out
explicitly. In terms of q, the variance o2 of the LSD is given by

which simplifies somewhat on using two
as 4 and w, or a and w,

versions of the parameter,

cr2 = {w/( 1 -q)} - w2 = w( l+a-w) .

This of course refers to the variance of the distribution of buyers. The
corresponding NBD formula - for the variance of the zero-truncated
distribution - is

w( l+aN+m-w) ,

where aN now represents the value of the parameter a in fitting the
NBD (which will differ - at least slightly - from the LSD value of a
for the same data).

The ratio of the LSD and NBD standard deviation of zero-truncated
distributions for different parameters b and w indicates the degree to
which the two distributions give the same results. Illustrative values of
the ratio d{( 1 +a-w)/( 1 +aN+m-w)} are given in Table 8.3 for various
values of b and w [see also Chatfield 19701. As is to be expected from
the discussion in $8.2, the degree of agreement depends mainly on the
value of b. When b is small, the agreement is very close, but when b
reaches .4 or so, the two standard deviations begin to differ by 15%
or more.
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Table 8.3. The Ratio of the LSD to the Zero-Truncated NBD Standard Deviation

(For various possible values of b and w) *

J(l+a-w)

J(l+aN+m-w)
.Ol .OS

Proportion of Buyers, b

.l .2 /I .6 .a

Av. Purchases
per Buyer, w

1.1
1.3
1.5
2.0
5.0

10.0
20.0

Average 1 .oo 1.01 1.03 1.1 1.1 1.3 1.5

1.00 1.00
1.00 1.01 1.03 1.1
1.00 1.02 1.03 1.1 1.2
1.00 1.02 1.03 1.1 1.2 1.3
1 .oo 1.01 1.03 1.1 1.1 1.3 1.5
1.00 1.01 1.03 1.1 1.1 1.3 15
1.00 1.01 1.03 1.1 1.1 1.3 1.5

* Data for which w < -ln(l -ZI)/LJ cannot be fitted by an NBD.

A major simplification to the variance formula can also be achieved
by numerical approximation, using the “displaced” coefficient of varia-o
tion d/(w-1), i.e. the standard deviation of the distribution of pur-
chases relative to (w-l) rather than its mean w. This expression is
found to vary only very slowly with w. Indeed, in the typical range of
w for most purchasing data, namely 1 S < w < 20, we have that the
quantity CJ/(W-1) is virtually constant at about 1.7 or so,

.~(w:l) + 1.7 ,

even though o2 itself varies then from about 1 to 400.

8.4. The Importance of Heavy Buyers

A particularly simple formula in the LSD theory is that for the cumu-
lative proportion of total sales (or total purchases) accounted for by
heavier buyers. Thus as already noted in Chapters 2 and 4, and illus-
trated in Tables 2.1 and 3.5, the proportion of total purchases of an
item accounted for by those buyers who buy it more than Y times in the
analysis-period is a very regular quantity which in LSD theory is simply
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The derivation is as follows. If a proportion pi of consumers make i
purchases, then the purchases on a per informant basis by buyers who
buy more than Y times is zipi, summed over 2 > r. Next, the total pur-
chases of the item by aZZ consumers, again on a per informant basis, are
of course m, the mean of the full distribution, which also equals bw in
terms of w, the mean of the distribution of buyers. The proportion of
total purchases accounted for by buyers making more than r purchases
can therefore be written algebraically as

l x-- l-p LE.,
m lpi , or -

i>r bw i>r lpi ’ Or w i~r lpi ’

in terms of the proportion pi = pi
5

1 -pO) of buyers making 1 purchases.
In the NBD theory the sum ipi for i > r can only be obtained

numerically, by calculating all the individual NBD probabilities pi for
i = 1 up to i = r, multiplying each by its value of i, summing, and taking
the sum away from m. For the LSD however, the corresponding ex-
pression simplifies algebraically to qr, a very much simpler result *.

Thus,

’ ’ * ’ - --’w. Z iqi/i , since pi = -qi/i In (1 _q)
l>r zpis wln(l-q) i,r

-(l-q)c qi
q q

r + l , since W= -q/U-q)ln(l-q)
00

Z qr 3 since zqiC(l-q)-’ w h e n  i> 0.

For an item bought at least 3 times per average buyer in a given
period, we have w = 3 and q = .85 (from Table 2.2). In the LSD theory,
the proportion of total sales accounted for by people who buy more
than once (viz. r = 1) would therefore be estimated at .85 or 85%, the
proportion accounted for by people who buy more than twice is
.852 = .72 or 72%, more than 4 times say is about 50% more than
8 times about 25% and so on.

In terms of having an explicit formula for this particular aspect of
buyer behaviour, the LSD theory therefore differs markedly from the
NBD, and having an explicit formula is important for practical work.

* For r = 0, q” = 1, i.e. buyers buying more often than zero times (i.e. at least once) naturally
account for 100% of sales.
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However, neither the LSD nor the NBD yields a simple formula for
such things as how many buyers make more than Y purchases: in either
model, this has still to be computed arithmetically in each specific case.

8.5. Varying Lengths of Time-Periods

Having discussed the LSD for analysing purchasing behaviour in any
.singZe time-period, we now start to consider a stochastic LSD model
which interrelates stationary purchasing behaviour in time-periods of
different lengths. The “sample base” of the LSD - i.e. the total number
of buyers in the period, as measured by b - will vary with the length of
the period, as do also the descriptive statistics of the LSD such as its
mean w, its variance u* and its parameter 4. None of these statistics are
however directly proportional to the length T of the time-period in
question.

To start from a simpler point, we therefore note that in the stationary
NBD model, the mean mT in a period T times as long as some “unit”
period with mean m is simply proportional to T, i.e. mT = Tm. The
NBD parameter a = m/k also varies directly with T, i.e. UT = Ta, since
the exponent k remains constant.

The only parameter in the LSD model with comparable properties is
the LSD version of a, which was defined in 5 8.3 asa = q/( 1 -q). This has
the same property as the NBD a of being directly proportional to T, i.e.
aT = Ta. (This can be seen by using the Fisherian derivation of the LSD
from the NBD model, letting k and m tend to zero whilst m/k = a tends
to a non-zero limit.) Because of this simple proportionality property,
the parameter a = q/( l-q) is a particularly convenient variant of the
basic LSD parameter 4 *.

From the equation aT = Ta it follows that the other versions of the
LSD parameter, viz. qT and wT, vary with T as follows:

n Ta
qT = i+(T_l)q ’ wT =ln(l+Ta) *

*One other “invariant” result is the “displaced” coefficient of variation 0/(W-1)
introduced in $8.3. Thus whilst the variance of LSD in different length time-periods varies in
an apparently complex manner, the approximate result that o/(w-1) 4 1.7 means that this
expression is independent of T, i.e. cr~/(~~-1) + 1.7, for any T. However, no further
analytic use of this finding has yet been made.
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For the means wT and w in different time-periods, we therefore have

wT Tln( l+a)-Z
W ln(l+Ta) ’

The right-hand side of this expression itself depends on w since
w = a/ln( 1 +a), but it varies rather slowly. Indeed, by using the ratio of
the “displaced” means (wT-1) and (w-l) instead of wT/w, the rela-
tionship between wT in time T and w in “unit” time can be reduced to
a virtual constant. Thus for 1 .S < w < 20 - the range of w mainly found
in consumer purchasing data - we have by numerical analysis that

This ratio is now independent of a and is simply a function of T. For
T = 2, (w2 -l)/(w-1) is 1.76, and values of Y’o*82 for some other com-
monly occurring values of T were given in Table 4.13.

The varying prOpOrtiOnS of buyers bT in time-periods of varying
length T can also be dealt with within the framework of the LSD
model, even though the incidence of buyers (or, better perhaps, the in-
cidence of non-buyers) is, of course, outside the LSD as such. But for
any given population of consumers, if the proportion of non-buyers
(l-b) in “unit” time-period is known, this tells us about the corre-
sponding proportion ( 1 -bT) in time-period T.

We know (by definition) that under stationary conditions the mean
amount ??+ bought per informant varies directly with T, i.e. a s
r?+ = Tm. Since the proportion of buyers is given by bT= m&vT,

bT
TmC------ =Eb
wT wT ’

so
‘T Tw-z-z ln( 1 +Ta)
b WT ln(l+a) ’

A Tw
7 =1)~0.82 ’

using the wT/w results and the (wT-1) form of approximation above.
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8.6. Repeat-Buying in Two Equal Periods

Applying the results for bT to the special case of a period T twice the
length of a “unit” period with b buyers, and noting that under station-
ary conditions bz = 2b - bR , where bR is the proportion of the popula-
tion buying in both “unit” periods, we obtain the LSD repeat-buying
formulae already set out in Chapters 2 and 4. Thus in terms of the LSD
a,

bR-.-=2- ln( 1+2a)
b ln(l+a) ’

or in terms of q,
bR-b- = 1 + W+q)

ln(l-q) ’

= W-q21
ln(l-q) ’

or, by numerical approximation for w > 2,

+ 2(w-I)/(2.3w-1) .

These expressions also determine the proportion of buyers in the first
period who “lapse” in the second period (or conversely, the proportion
of “new” buyers), in that under stationary conditions

‘L - ‘iv bR ln(1 +q)  l n (  1+2a)-z _ =b  %=I- b
M 1 -q) ln(l+a) ’

The numerical values of these LSD expressions (which depend only
on w through a or q) differ very little from the NBD ones (which de-
pend on b as well as on w or m = bw), other than for low values of w or
high values of b. This is illustrated in Table 8.4 for the proportion of
repeat-buyers.

LSD expressions for various rates of buying can be derived using the
Fisherian derivation of the LSD from the NBD. We note that in $7.6 of
Chapter 7, mR , the average number of purchases by repeat-buyers
expressed on a per informant basis, was given in the NBD theory as

mR = m {I --( l+a)mkB1} .
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Table 8.4. The Ratio of the LSD to the NBD Formulae for the Incidence of Repeat-Buyers,
bR/b

(For various possible values of b and w) *

Proportion of Buyers, b

{l-2(1+& + (1+2/&)/ {l-cl+&} .Ol .05 .l .2 .4 .6 .8

Av. Purchases per Buyer, w

1.1 1.00 .96
1.3 1.00 .98 .96 .92
1.5 1.00 .98 .97 .93 .9
2.0 1.00 .99 .98 .95 .9 .8
5.0 1 .oo .99 .99 .97 .9 .9 .8

10.0 1.00 1.00 .99 .98 1.0 .9 .9
20.0 1.00 1.00 .99 .98 1.0 .9 .9

Average 1 .oo .99 .98 .96 .9 .9 .9

* Data for which w < - ln(l-b) /b cannot be fitted by an NBD.
Bold figures denote deviaiions greater than 10%.

We therefore have first of all that the proportion of total sales accounted
for by repeat-buyers is given by

mR
-= 1 - (l+a)+l ,
m

1
l-

(l+a)k+l ’
Ask+ 0 ,

mR 1--+ 1 -m
m ( l + a )  ’

aZ
l+a

This is the LSD result already used in $2.3 of Chapter 2, and is very
much simpler than the corresponding NBD expression.
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Next, to obtain WR itself, i.e. the average frequency of purchase per
repeat-buyer, we use this result, i.e. mR = ??zq and the earlier one that
bR = b ln( 1 -q*)/ln( 1 -q) and therefore have

mR mq~-----c
wR bR b  ln(l-q*)/ln(l-q) ’

Since w = -q /( 1 -q) ln( 1 -q), this simplifies to

WR = +I*
(l-q)ln(l-q*) ’

or by numerical approximation in the range 1.5 < w < 20, to

+ 1.23 w .

The rates of purchasing We or We of lapsed or “new” buyers are
given by breaking down total sales bw as

bw=bLwL +bRwR =bNwN+bRwR,

so that for We say, dividing through by b and using the above results for
bL /b, bR /b, wR and w in terms of q,

Wl+ql ln(l-q*) _q*
(I-q);z(l-q) = mY(C$ wL + ln( 1 _q) ty_q)lncl_q2) ,

from which

The value of the expression q/in/( 1 +q) is about 1.3 5 for w = 2, and
tends to a maximum of l/in 2 = 1.443 as w increases indefinitely and q
tends to 1. For w > 2, one can therefore take

wL = WN + 1.4, an (approximate) constant.

Except for low values of w and high valuesof b, the numerical values
given by the LSD formulae for wR and wL or w,v differ little from the
NBD ones, as is illustrated in Tables 8.5 and 8.6.
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Table 8.5. The ratio of the LSD to the NBD Formulae for the Average Purchase Frequency per
Repeat-Buyer, WR

(For various possible values of b and w)

-~2/w7~w~-~2~ Proportion of Buyers, b

m {l -( l+~~)+l} / { l-2( 1+09 + (1+2&} .Ol .05 .l .2 .4 .6 .8

Av. purchases per buyer, w

1.1
1.3
1.5
2.0
5.0

10.0
20.0

1.00 1 .02
1.00 1.01 1.03
1.00 1.01 1.02 1.05 1.1
1.00 1.01 1.02 1.04 1.1 1.2
1.00 1.01 1.01 1.02 1.0 1.1 1.1
1.00 1.00 1.01 1.02 1.0 1.1 1.1
1.00 1.00 1.01 1.02 1.0 1.1 1.1

1.00 1.01 1.02 1.03 1.0 1.1 1.1

Bold figure denotes deviation greater than 10%.

Table 8.6. The Numerical Vahres of the LSD and NBD Formulae for the Average Purchase
Frequency per “New” or per “Lapsed” Buyer, we or WL

(For various possible values of b and w)

NBD formula:
m/(l+fz)k+l

LSD NBD, for b =

Approx. q/ln( l+q) .Ol .05 .l .2 -4 .6 .8

Av, purchases
per buyer, w

1.1 1.4 1.1 1.1 1.1
1.3 1.4 1.2 1.2 1.2 1.2
1.5 1.4 1.3 1.3 1.3 1.3 1.3 1.4
2.0 1.4 1.3 1.3 1.3 1.3 1.4 1.4 1.6
5.0 1.4 1.4 1.4 1.4 1.4 1.4 1.5 1.6 1.8

10.0 1.4 1.4 1.4 1.4 1.4 1.5 1.5 1.6 1.7
20.0 1.4 1.4 1.4 1.4 1.4 1.5 1.5 1.6 1.7

Average 1.4 1.3 1.3 1.3 1.3 1.4 1.5 1.6 1.7

Bold figures differ by more than .l from 1.4.

ConditionaZ Analysis. A more detailed “conditional” form of analysis
of repeat-buying was illustrated in Table 3.10 of Chapter 3 and dis-
cussed in 3 7.6 of Chapter 7. Here one examines the incidence of re-
peat-buying by the specific frequency of buying ( 1, 2, 3, etc. purchases)
in the previous period. Examining this in theoretical LSD terms leads
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directly back to the NBD theory, rather than being of an LSD form.
[The mathematics has been studied rigorously by Patil and Bildikar
1964.1

In general, the NBD theory for two unequal time-periods of “unit”
length and length T shows that the distribution of purchases in the
second period made by buyers who made Y purchases in the first period
is an NBD with a mean of (i?+r){~T/(l+a)j - where a refers to the
“unit” period - and the exponent is (/?+r), which is independent of T.
Now given that the non-zero part of the NBD in this first period is
closely approximated to by an LSD, i.e. for small or zero k, this condi-
tional NBD in the second period reduces approximately to an NBD
with mean r{a7’/(l+a)} and exponent r. This is not equivalent to an
LSD, since the exponent is not small.

8.7. An Underlying Stochastic Model

The properties of the LSD model have so far been obtained from
those of the earlier NBD model by the Fisherian limiting process, but
they can also be derived directly from an underlying stochastic model as
such. AS shown by Chatfield, this can be set up along roughly similar
lines to the NBD stochastic model which was summarised in 5 7.2 of
Chapter 7.

Firstly, it is supposed that there is some (unspecified) proportion of
“never-buyers”, i.e. people in the population who never buy the item.

Secondly, as in the NBD model, it is supposed that purchases of any
one buyer in successive time-periods follow a Poisson distribution with
a certain long-run average, p say.

Thirdly, it is supposed that the long-run average rates of purchasing p
of different “buyers” in the market follow a truncated I’-distribution,
i.e., that the frequency of any particular value p is given by

Here E is some very small number *, c is a constant chosen so that
cw
s (ce- da /K) & = 1 ,

and a is a parameter of the distribution.

* The quantity 6 must, however, be positive since Jw (e- ‘la/~)  dp does not exist. It could refer
0

to a very low rate of purchasing, i.e. less than once in a very long time-period of length l/h.
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The difference from the NBD stochastic model is the postulation of a
definite group of never-buyers, who are distinct from the people direct-
ly covered by the truncated r-distribution and who alZ have a positive
long-run rate of buying p 2 6. At an “intuitive” level, this postulation
seems at least as acceptable as the NBD stochastic model itself, in which
the long-run mean rates of all members of the population are assumed
to follow a full r-distribution from zero to infinity, with the frequency
of consumers with a long-run me\ln rate of purchasing at zero (i.e. the
frequency of never-buyers) being itself strictly zero.

It is, of course, not necessary to assume that customers’ purchasing
behaviour actually follows this stochastic model in the long-run. As for
the NBD model, it is only necessary to suppose that in any time-period
or periods being analysed, the purchases behave as if they were a ran-
dom sample from the values generated by such a model. The various
LSD formulae given earlier can then be deduced from the model.

In particular, the probability pr of a buyer making Y purchases in a
given time-period is given by taking the Poisson probability

of a particular consumer with long-run mean p of buying Y units in the
time-period and integrating over all “buyers” in the truncated I’-distri-
bution, i.e.

= {c/r! ( l+l/a)r} j &l+lia)p { (l+l/a)~~~-‘d{(l+l/a)~~

+ [c/{ r! (1 +1 /a)r I] l?(r) , for Y 2 1, since E is very small,

= c/{(l+l/a)?-}

Z CO

= qPr-1 (r-1)/r  9 with q = a/( l+a) .

If Epr= 1 forr> 1, we must have
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and hence
period is

the probability pr of Y purchases being made in a given time-

Pr = -qr/ rlog(l-q), r> 1 ,

i.e. the logarithmic series distribution.
Next, for any consumer with long-run mean rate of purchasing p per

“unit” time-period, the (Poisson) probability of making Y purchases in a
period T times as long as this unit period is

eeTp ( Tp)r/r! .

For the population of all consumers who in the long-run are buyers, i.e.
those who are included in the F-distribution, the frequency prT of Y
purchases being made in a period T is therefore

p =‘T
emTp (T&r

rT -x----
6

which can also be written (by writing Tp =p) as

P =‘TrT y (eeppr/r!) (e-p/Ta/p) dp

i.e. again an LSD, but with parameter qT = Ta/( l+Ta). The parameters
of the LSD’s in periods of unit length and length T are therefore related
as

aT = Ta, a n d qT = Tq/ {l+(T-l)q} .

The other LSD formulae given earlier then follow.

8.8. Summary

The LSD model is not an alternative of the NBD, but a special case
which can give virtually the same results in a simpler form. This applies
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in a certain range of parameter values, which for many purposes is
broadly when the penetration b is relatively small, say less than .2, or
less than .4 as long as the average purchase frequency per buyer, w, is
greater than about 1 .S or 2.

The conceptual importance of the LSD is that it shows how repeat-
buying behaviour is largely independent of the precise definition of the
population of potentiaZ buyers (as long as it is large compared with the
numbers of actuaZ buyers), and that it depends only on a single param-
eter, 4 say. Since 4 is a function of w, the LSD theory brings out very
clearly how repeat-buying behaviour depends largely on w, the average
frequency of purchase per buyer.

Being a one-parameter distribution, the LSD theory leads to much
simpler formulae for penetration growth and repeat-buying than the
NBD. Additionally, there are a number of numerical approximations to
these formulae which are simpler still.


